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Realizations of Multimode Quantum Group
SU(1,1) 4,
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By virtue of the two-parameter deformed multimode bosonic oscillator, the Nodvik
and Holstein—Primakoff realizations of the two-parameter deformed multimode
quantum group SU(1,1),, are derived. The deformed mappings between the
multimode quantum group SU(1,1),, and the two-parameter deformed multimode
bosonic oscillators are also presented.

In the past few years, quantum groups and algebras have been shown
to arise in many problems of physical and mathematical interest. Much effort
is now being devoted to the construction of their representations, and recently
many realizations have been usefully devised using the g-deformation and
g,s-deformation of single-mode bosonic operators and the ¢,s-deformation
of multimode bosonic oscillators (Faddeev, 1981; Drinfeld, 1986; Jimbo,
1986; Kulish et al., 1981; Biedenharn, 1989; Macfarlane, 1989; Sun et al.,
1989; Yan, 1990; Ng, 1990; Katriel et al., 1991; Nodvik, 1969; Demidov et
al., 1990; Sudbery, 1990; Schirrmacher et al., 1991; Burdik et al., 1991;
Chakrabarti et al., 1991; Jing, 1993; Zhou et al., 1995; Curtright et al., 1990;
Song, 1990; Quesne, 1991; Mallick et al., 1991.

Based on our recent work (Yu et al., 1998), the present paper derives the
Nodvik and Holstein—Primakoff realizations of the multimode quantum group
SU(1,1)4, and gives the deformed mappings between the multimode quantum
group SU(1,1)4, and the ¢,s-deformed multimode bosonic oscillators.

We introduce four independent groups of the g¢,s-deformed bosonic
oscillators {af, a;, n¢}, {b, bi, n?}, {cl, ¢;, n¢}, and {d], d;, n!} (fori =1, 2,
..., k). They satisfy the commutation relations (Jing, 1993)
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ala; = [7714s, aial = [nf + 1 1gs»
[n¢, al] = al, [nf, ai] = —a; (1a)
a;al — s”'qala; = (sq)™" aal = (sq)'ala; = (s7'¢)"  (1b)
blbi = [nf1e',  bibl = [n! + 1],
[nf, b]1 =bl,  [nl,b]= —b (2a)
bibl = sqbib; = (sq )" (2b)
cle; = (1145, ciel = [nf + 14s
[ni, cfl=cl,  [nf,cal=—c (3a)

ciel — s7qeif e = (sq) ™, cici = (sq) 'efer = ("9 (3b)
didi = [nfl™',  didi = [nf + 14,
[, &) =df,  [nf,d] = —d; (4a)
didf — sqdfd; = (sq~ )" (4b)
where we have used the notations [x],, = s' (¢° — ¢ /(¢ — ¢~ "); the x
can be operators or general numbers.

Similar to our former work (Yu et al., 1998), we define four independent
q,s-deformed k-mode bosonic operators as follows:

—-12

[ncll]as[ng]as c. [ni']as
A = . - 5
Lo "k{mmqu]qs, [n81gss - - s [nz]qs)} )
-1
[n?]as_l[ng]qs_l s [I’li]“_l
B, =biby... b ; 6
e k{mln([n?]qs‘l, [m31as™ -+ oy [R)es™) ©
) ) ) -1
Cr = crc o [nigsdMo]gs - . . [milgs %
=cic2 ... .
min([ 7], [12]gss - - - 5 [PE]gs)
-1
[n?]as_l[ng]qs_l c. - [nZ]as_l
Di=dd...d ; 8
oA k{mln([ni’]qs‘l, 727 P 774 Pl ®
It is easy to check the following:
A AE — sTqAT A = (sq) M A AE — (sq7 VA A = (57 ') (9a)
[NL AF] = AR, [NE, Al = —Ax (9b)

BB — sqBiBr = (sq~ ) M (10a)
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[N, BE1 = Bi,  [Ni, Bl = =B« (10b)
CCH — s7'qCECe = (sq)™, ¢t — (s¢HCECr = (s7'¢)™ (11a)
[M,CE1=CE, [NL Gl = — G (11b)
DD — sqDi Dy = (sq Y™ (12a)
[N, Di1=Di, [N, DJd=— Dy (12b)
where N{, N, Ni, and M{ are given by
Ni = min(n{, n5, ..., ni) (13)
N, = min(n}, n5, ..., nd) (14)
Ni = min(ns, ns, . .., nf) (15)
N = min(nf, ng, ..., nd) (16)

It is easy to find that {A{, Ax, N}, {B{, Bx, Ni}, {Ci, Ci, N}, and
{Di, D, Nf} indicate ¢,s-deformed A-mode bosonic oscillators, respectively.

Similar to the single-mode quantum group SU(1,1),, (Jing, 1993; Jing
etal., 1993), the k-mode quantum group SU(1,1),, also has three representa-
tions: (a) positive discrete series; (b) negative discrete series; (¢) continuous
series, which we do not consider here. The generators of the k-mode quantum
group SU(1,1), can be obtained from a Jordan—Schwinger realization in
terms of the ¢,s-deformed k-mode bosonic oscillator creation and annihila-
tion operators

(L) = s 4LCE, ()~ = 57 Cedy,
(L) = % (ML + M2+ 1) (172)
(L) = sByDy,  (LP)- = sD{ B,
(L) = _71 (N} + N +1) (17b)

where the notations are defined by
NO =N,  NMb=M  NI=N  NU=NM (18

It is easy to check that equations (17a) and (17b) satisfy the following
commutation relations:

(Lo, (LF)+] = £(L¥)+ (19a)
ST (LP) - — s(LO)-(L2)e = s 2 H0 (1)) (19b)
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(Lo, (L) +] = £(LY)= (20a)
sTNEPY(LP) - — s(L) (L) = s 2Hop2(L)g]  (20b)

The k-mode quantum group SU(1,1),, is a Hopf algebra; its coproduct,
antipode, and counit are, respectively, as follows.

Coproduct:
ALY = (L) @ 1+ 1 ® (Lo (21a)
A(LD)2) = (L2 ® (sq) W + (s7'9H" @ (L) (21b)
AD=1® 1 (21c)
ALY o) = (L) @ 14+ 1 ® (L) (22a)
A=) = (L) ® (s9) W0 + (571 W0 @ (1) (22b)
AD=1® 1 (22¢)
Antipode:
S(LMye) = —(Lio (23a)
S(LO)) = = (sq™ YL )s™ 0 (23b)
S -) = —(sq™ ) (LEY) -2 A (23c)
S(Lo) = — (Lo (24a)
SULP)) = —(sq™ L) s H0 (24b)
SALP)-) = —(sq~H(ILP) -2 H® (240)
Counit:
(L)) = €(L)+) = 0 (252)
€l) =1 (25b)
(L)) = e(LP)+) =0 (26a)
€l) =1 (26b)

The two discrete unitary irreducible representations of the k-mode quan-
tum group SU(1,1),, are

LrLr,. .Y =lr—1—1,r—1—1;...)
Rlr+Lr+1..) (r=—-1>0) (27a)
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LrlLr. . Y=l—r—1—1;,—r—1—1;..)
Rl—r+L—r+10..) (=<I<0) (27b)

These irreducible representations are infinite dimensional and depend on the
quantum numbers / = —1/2, —1,.... The action of the k~~-mode quantum
group SU(1,1),,s generators on the elements of the irreducible representations
(27a) and (27b) is given by

(LAL s Lry . ) =571 \/[r —Nylr + 1+ 1 lLr+1;0Lr+1;.. )" (28a)
(LY L. Y =g \/[r + ylr — 1= Nyl r = 1;Lr —1;.. )" (28b)

(LYol s Lrs . Y =rll e Ly, ) (28¢)

and

L)L Lr. . Y =s\[—r— 1= g [—r+ NI+ L+ 15
(292)

L)AL r L. Y =s\[—r =y [ —r + 1+ gl r =1 Lr— 1. )
(29b)

LY ey Y =rll e, . ) (29¢)

The Casimir operators of the k-mode quantum group SU(1,1),, are
C = UM =P (L) (L) + (L))ol (Lo + 1y} (30a)
O = S (L) (L) + STl (L) = 11} (30b)

According to the above properties of the k-mode quantum group
SU(1,1),, it is easy to obtain its Nodvik realizations as follows:

(L) = s N1 + uflpfuf — 1+ 1]y (31a)
(L) - = s\ + uflpfuf — 1+ 10" (31b)
(LP)o = uf (31c)
and
(L) = s\ + ullgs[ul — 1 + 115517 (32a)
(LP)- = se Ph\Jl1 + ][l — 1+ 1]y (32b)
(Lo = —ui (320)

where {uf, pi} and {ul, pi} are the canonical commutators, namely,
[uf, pil =i, [ukopl] =i (33)

Equations (31) and (32) hold equations (19) and (20), respectively.
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For the ¢,s-deformed k-mode bosonic oscillators we have the the follow-
ing new realizations: (1) For the positive discrete series (a):

A= Nl — 1+ e, A = e PNJluf — 1+ 1], (34a)

A Ak = [uf — Ny (340)

or
Co= ut = 1 + e, ¢ = e Jut — 1 + 1], (35)
CECr = [uf — Iy (355)

(2) For the negative discrete series (b):

Bo= -l — 1+ Upeh,  Bf = el — 1+ 11,1 (36a)
BB = [uf — [y~ (365)

or

De= Jlup — 1+ 1,1e™, D = e P\Jlu} — 1+ 1], (37a)
DDy = [uf — 1]y (37b)

Therefore we have the deformed mappings between the k-mode quantum
group SU(1,1),, and the ¢,s-deformed k-mode bosonic oscillators operators
with tildes indicate nondeformed cases):

(1) For the positive discrete series (a):

(L) = s (IO f(@P)),  (I)- = s AL))(LP)- (38a)

(L) = (I (38b)
and
—_ 5 NZ S + Nz ~r
Ak Ak Nz . Ak NZ Ak (393)
or
- A M S + M S S
Cy Cy N Ci \f%:"‘ Ci (39b)
where
(IO = e U+ (L)L) — 1 + 1) (40)

(IP) - = U+ IO)o(Lo — 1+ D, (I = uf  (41)
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, [+ (L)l (L) — 1+ 1]
a) — qs qs
S \/ (I + (L) (Lo — 1 — 1)

(42)

(2) For the negative discrete series (b):

(L) = S(ID)f(L)0), (D)= = sf(L))N(TP)-  (43a)

(L) = (LP), (43b)
and
- M Nl -
B, = B sz Bl = sz Bl (44a)
or
D = Dy N st_l’ Dl = N st_l Bl (44b)
where
(LF). = e PEJ(—=(LP)o — 1 — D(=(LP)o + 1) (45)

(IP)- = (=P — 1 = D(=(LP)o + De™, (TP = —ul® (46)

(=)0 = 1 = 1 [0 + Mo
b) — gs qs
AT N (@ — 1= (=@ + )

(47)

In order to obtain the Holstein—Promakoff realizations of the k-mode
quantum group SU(1,1),,, its generators can be represented by the ¢,s-
deformed k-mode bosonic oscillators: (1) For the positive discrete series (a):

(L)e = s A2+ Ny (L) - = s7'N\[21 + Nilgsdr  (48a)

(L&) =1+ M (48b)

or

(L) = s7'CINIRE+ Mg ()= = s7'NI20 + M1WCe (49a)

(L) =1+ N (49b)

(2) For the negative discrete series (b):

(L) = s[2] + Ml 'Br,  (I)- = sBE\J[2] + Ml (50a)

(L) = — (1 + N (50b)
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or
(LP)e = s\[20 + M1 Dr,  (IP)- = sDi NJ[20 + Ml (5la)

(L) = — (I + Ni)

(51b)

Equations (48)—(51) are the Holstein—Primakoff realizations of the g¢,s-

deformed k-mode quantum group SU(1,1),,.
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